Abstract. The polysymplectic formulation of the CMPR action, which is a BFtype formulation of General Relativity that involves an arbitrary Immirzi parameter, is performed. We implement a particular scheme within this covariant Hamiltonian approach to analyze the constraints that characterize the CMPR model. By means of the privileged (n − 1)-forms and the Poisson-Gerstenhaber bracket, inherent to the polysymplectic framework, the BF field equations associated to the CMPR action are obtained and, in consequence, the Einstein equations naturally emerge by solving the simplicity constraints of the theory. Further, from the polysymplectic analysis of the CMPR action the De Donder-Weyl Hamiltonian formulation of the Holst action is recovered, which is consistent with the Lagrangian analysis of this model as reported in the literature.
Introduction
Diffeomorphism invariant topological field theories are distinctively characterized by the absence of local degrees of freedom. These kind of gauge theories include the so-called BF theories which have been extensively analyzed in the literature showing a definitive strong relationship with Einstein theory of General Relativity [1, 2] . In particular, since the first BF-type formulation of General Relativity was introduced in [3] , several extensions of the Plebanski action have been developed, giving rise to the denominated BF gravity models [4] [5] [6] [7] [8] [9] . Nowadays, the study of BF theories has been performed from different perspectives including alternative formulations and models introduced with the aim to unify General Relativity and Yang-Mills theories as a formal starting point for the spin foam approach for quantum gravity which is a non-perturbative quantization scheme for the gravitational field, as described for example in [8, [10] [11] [12] . As it is well known, BF-type formulations of General Relativity are supplemented with extra conditions, known as the simplicity constraints, which set the explicit dependence of the B field in terms of the tetrad, thus transforming the topological BF theory to the Palatini action for gravity [13] . Of particular interest to us is a particular extension of the Plebanski action known as the CMPR action, introduced in [14] . This action is described by a constrained BF gravity model that inserts a parameter which labels a family of canonical transformations on the phase space of General Relativity, and which within the Loop Quantum Gravity approach has been shown to alter the spectra of certain geometrical quantities [15, 16] . The aforementioned parameter is called the Immirzi parameter. The CMPR action is also useful to realize equivalent formulations to some relevant BF gravity models commonly implemented within the spin foam formalism, as described in detail in [17] . At the classical level, the CMPR action has been analyzed from different perspectives, including the Lagrangian formalism in [14] and the DiracHamiltonian approach in [18] , which strongly relies on the Hamiltonian analysis applied to the Plebanski action developed in [19, 20] . From our perspective, given the physical relevance and constraint structure of the model described by the CMPR action, it is a suitable candidate for its analysis under the geometric covariant Hamiltonian approach for field theories known as the polysymplectic formalism.
Based on the so-called De Donder-Weyl canonical theory introduced in [21, 22] , the polysymplectic framework starts with the definition of the polymomenta, which is a covariant extension of the standard momenta definition in the Hamiltonian approach for field theories. These polymomenta include information on the variation of the action with respect to all of the spacetime derivatives of the configuration variables, and induce the polymomenta phase-space [23, 24] . The polymomenta phase-space is endowed with a canonical (n + 1)-form, known as the polysymplectic form, which encodes the relevant physical data of a classical field theory in the sense that this (n + 1)-form contains sufficient information in order to construct a graded Poisson-Gerstenhaber bracket in the space of differential forms [23, 25, 26] . The introduction of this Poisson-Gerstenhaber bracket to the polysymplectic formalism allows us to identify in turn a particular set of canonical conjugate (n − 1)-forms, which play the role of canonical variables within this framework, for which the De Donder-Weyl-Hamilton covariant equations may be deduced. The bracket structure together with these canonical conjugate (n − 1)-forms play an important role in order to implement a pre-canonical quantization scheme as described in [24, [27] [28] [29] [30] . Some physically motivated examples for which the polysymplectic framework has been applied and developed in detail may be encountered in references [23, [31] [32] [33] [34] [35] [36] [37] .
Our main purpose in this paper is thus to obtain a consistent polysymplectic formulation of the CMPR action. To this end, we will implement the proposal to analyze singular Lagrangian systems within the polysymplectic approach as introduced in [38] , and which consists of a covariant extension of Dirac's formalism for constrained systems. Contrary to the standard Hamiltonian formulation of the CMPR action, we find that within the polysymplectic framework the analogous full set of constraints that characterizes the CMPR action is second-class in Dirac's terminology and, in consequence, the correct field equations of the system are obtained by means of the De Donder-Weyl-Hamilton equations on the constraint surface, that is, the surface in polymomenta phase space where the constraints are strongly satisfied as identities. In particular, the so-called simplicity constraints of the CMPR model are obtained straightforwardly and, after substituting the solution of these constraints into the polysymplectic formulation of the CMPR action, either the Palatini or the Holst actions for General Relativity are recovered. This issue is clearly consistent with the Lagrangian analysis of the CMPR action as reported in the literature. However, we must emphasize that the manifestly covariant polysymplectic formalism allowed us to recover Einstein equations in terms of the tetrads directly from the BF action and without recursively introducing the Holst action. Besides, as the polysymplectic phase space is finite dimensional, contrary to the standard canonical Hamiltonian formalism where the field variables are defined on some space-like hypersurface thus implying an infinite dimensional phase space, our formalism may pave the way to analyze novel quantum aspects of General Relativity thought as a BF theory from the perspective of an explicitly covariant canonical formulation [24, 32, 37] .
The rest of the paper is organized as follows: in Section 2 we give a brief introduction to the polysymplectic formalism for classical field theory in order to consider all the required background and introduce our set of notations. We also include a concise discussion of the analysis of singular Lagrangian systems within this approach. In Section 3 we briefly describe the CMPR model for gravity following the notation introduced in [17] , and we present the polysymplectic analysis of the CMPR model, obtaining its associated field equations which are equivalent to Einstein equations, after solving the simplicity constraints of the theory. Besides, we also discuss the way in which the CMPR action reduces into the Holst action at the polysymplectic level. Finally, in Section 4 we introduce some concluding remarks.
Polysymplectic formalism
In this section, we briefly introduce the polysymplectic formulation for classical field theories. We will closely follow the description of the geometric and algebraic structures of the formalism as described in [23, [25] [26] [27] [28] [29] . We will also include a summary of the proposal to analyze singular Lagrangian systems within the polysymplectic approach as described in [38] .
To start, we will consider a fibre bundle (E, π, M), where E is the total space whose fibers are m − dimensional smooth manifolds with local coordinates {y a } m−1 a=0 , and M is the denominated base space which is an n-dimensional smooth manifold with local coordinates {x µ } n−1 µ=0 , and will be identified with the spacetime manifold.
Finally, π : E → M is the standard projector map associated to the fiber bundle. Let φ : M → E be a section defined at a point p ∈ M whose local representation on E is given by the composition φ a := y a • φ. The set of all sections of π at a point p ∈ M will be denoted by Γ p (π). Thus, we define the first jet manifold J 1 E of (E, π, M), whose elements j 1 p φ ∈ J 1 E have the local coordinate representation (x µ , φ a , φ a µ ) and stands for the configuration space of the theory, where φ a µ := ∂φ a /∂x µ denotes the field derivatives with respect to spacetime coordinates [39, 40] . Now, let us consider U ⊂ M an open submanifold of the base space M where, given an explicit Lagrangian density L : J 1 E → R, a field theory can be defined by the action
where ω := dx 0 ∧ · · · ∧ dx n−1 denotes the local volume n-form element of M. In order to develop a covariant Hamiltonian formulation of the field theory (1), we introduce a new set of variables, called polymomenta, and given by [23] 
which induce an associated affine dual bundle of the jet manifold J 1 E that we will denominate as the polymomenta phase-space, and may be regarded as a smooth manifold, denoted by P, whose local coordinate representation is given by z M := (x µ , φ a , π a µ ), as described in [25] . Thus, by means of the De Donder-Weyl-Legendre transformation FL :
, is associated to the denominated De Donder-Weyl Hamiltonian, H DW ∈ C ∞ (P), the latter being locally represented as
which together with the polymomenta (2) are central to the so-called De Donder-Weyl canonical theory which appeared for the first time in [21, 22] . In order to follow the geometrical description of the polysymplectic formalism, we will split the polymomenta phase-space, z M = (x µ , z v ), into the horizontal and vertical subspaces which are locally represented by (x µ ) and z v := (φ a , π µ a ), respectively (see [23, 25] for further details and discussion). Given the space of all sections of the tangent bundle T P, denoted by X(P), we will term the set of vectors that does not have tangent components on the base space manifold M by X V (P). Those vectors are sections of T V P, that is, the vertical tangent bundle of P. Thus, given X ∈ X V (P) its local representation is defined by
µ , where we have adopted the short notation ∂ a := ∂/∂φ a and ∂ µ a := ∂/∂π µ a . Now, given the space of r-forms Ω r (P) := r Ω 1 (P), that is, sections of r T * P, we will denote the space of horizontal (r; s)-forms by Ω r s (P) ∈ Ω r (P) as the set of elements θ satisfying X θ ∈ Ω r−1 s−1 (P) for X ∈ X V (P), where s denotes the degree of the differential forms on the vertical subspace of P.
The polymomentum phase-space is endowed with a canonical n-form, Θ PC , known as the Poincaré-Cartan form, given by [31, 39] 
where ω µ := ∂ µ ω. Thus, the exterior derivative of Θ PC induces, in the polymomenta phase-space, the canonical (n + 1)-form
which is known as the De Donder-Weyl multisymplectic form, and it contains all the information about the classical dynamics of the fields, as we will see below. However, as described in [23] , it is possible to construct a well-defined Poisson structure if one only considers the vertical term of the Poincaré-Cartan form, that is, Θ
By means of this Poisson structure one may induce the De Donder-Weyl-Hamilton equations for a physical system. In consequence, we will only consider the vertical Poincaré-Cartan form Θ V PC to construct the geometric and algebraic structures in order to describe the dynamics of physical systems within the De Donder-Weyl field theory. This is the basis for the polysymplectic formalism [23] . Thus, we may define the vertical exterior derivative, d
V , acting on an arbitrary p-form Φ as
the vertical part of the Poincaré-Cartan form Θ V PC induces a canonical (n + 1; 2)-form on the polymomenta phase-space
which is simple known as the polysymplectic De Donder-Weyl form [23, 25, 26] . The vertical exterior derivative has been explored extensively in the literature, and we encourage the reader to check [41] for further mathematical properties. We define a vertical p-multivector field as a vector field that has one vertical and (p − 1) horizontal indices, namely
We will use this type of pmultivector fields in order to construct the analogous to the Hamiltonian vector fields within this context. In particular, for a vertical p-multivector field
Thus, we say that p X F is a Hamiltonian p-multivector field and n−p F its associated Hamiltonian horizontal (n − p; 0)-form [25] .
In addition, for a pair of the Hamiltonian forms
given their associated Hamiltonian multivector fields
is called the Poisson-Gerstenhaber bracket, which by definition is only defined for p + q n − 1 and obeys the following graded-commutation relation {[ G with respect to the Poisson-Gerstenhaber bracket, respectively. One may also check that this bracket fulfills the graded Jacobi identity
Finally, this bracket satisfies a graded Leibniz rule
where the map • :
(P), denominated as the co-exterior product, is given by
Here the * symbol stands for the Hodge dual operator only defined on the base space M [26, 27] . In addition, we also note from the definition of the Poisson-Gerstenhaber bracket (9) that the Hamiltonian (n − 1)-forms will play a primordial role within the polysymplectic formalism as the (n − 1)-forms close under this bracket structure. From the physical point of view, the relevance of the (n − 1)-forms is associated to the fact that it is possible construct Noether currents with them, and these currents will serve to obtain certain physical observables for a given field theory [42] [43] [44] . In particular, it is possible to induce canonically conjugate variables considered as (n − 1)-forms by the Poisson-Gerstenhaber bracket
where, as before, ω µ := ∂ µ ω denote the basis for the horizontal (n − 1)-forms. These relations also play an important role in order to implement a precanonical quantization of this formalism as described in [27] [28] [29] . The co-exterior product (11) induces a derivative operator, d• :
(P), called the co-exterior derivative which, for an horizontal (n − 1)-form
where the last term is called the horizontal co-exterior derivative and locally reads
Note that the co-exterior derivative is only defined for (n − 1) and n-forms. Altogether, considering the De Donder-Weyl Hamiltonian (3), the Poisson-Gerstenhaber bracket (9) and the co-exterior product definition (11) we may write the co-exterior derivative of a Hamiltonian (n − 1)-form n−1 F in terms of the Poisson-Gerstenhaber bracket as
where σ = ±1 depends on the signature of the metric of the base space manifold M [27] . The last relation allows us to write the De Donder-Weyl-Hamilton equations as
One may straightforwardly show, by considering the definition of the polymomenta (2) and the De Donder-Weyl Hamiltonian (3), that these equations are completely equivalent to Euler-Lagrange field equations whenever the Lagrangian density is nonsingular, that is, in the case the determinant of the Hessian matrix is non-vanishing, det
On the contrary, if this determinant does vanish the Lagrangian is called singular, and in this case we are not able to invert the gradients of the field variables φ a µ in terms of the field variables φ a and the polymomenta π µ a . Thus, for singular systems we obtain a set of conditions defining a surface in the polymomenta phase-space, P, where the Legendre transformation is invertible. Those conditions emerge from the definition of the polymomenta (2), namely,
which are denominated primary constraints in Dirac's terminology [45] . Here the weak equality symbol, ≈, means that it is evaluated at the constrained surface, as in the standard Dirac's approach for constrained systems. Also, the subindex k labels each of the j primary constraints. From now on, instead of using these set of constraints, we will consider the associated constraint (n − 1)-form C
k := C k (1)µ ω µ , and in analogy to Dirac formalism for singular Lagrangian systems, we define the total De DonderWeyl Hamiltonian, H DW , as the De Donder-Weyl Hamiltonian subject to the primary constraints (16)
where the u k 's stand for Lagrange multiplier 1-forms enforcing the primary constraint (n − 1)-forms. It is important to note that the total Hamiltonian is a smooth function on the polymomenta phase-space, that is, a 0-form in P.
As proposed in [38] , a basic consistency requirement is the preservation of each constraint (n − 1)-form C 
which naturally extends to the polysymplectic framework the analogous concept within Dirac's formalism. In a similar way, relations (18) can either be trivially satisfied, or impose restrictions on the Lagrange multipliers u k 's, or they may give rise to new relations independent of the u k 's. In the latter case, if the new relations between the polymomenta and the field variables are independent of the primary constraints (16), we will term them secondary constraints, following with the terminology introduced by Dirac. If there are secondary constraints, writing them as (n−1)-forms C (2)
where the subindex k ′ runs over the appropriate set of secondary constraints), we must impose again the consistency conditions, resulting on either the fixing of the Lagrange multipliers u k 's or obtaining new tertiary constraints. In the case we generate further constraints, we must continue so on, applying the consistency conditions until we either fix all of the Lagrange multipliers or whenever these conditions are trivially satisfied. After the process of generating further constraints is finished, then we will have a complete set of constraint (n − 1)-forms, that we will simply denote by C l (the index l runs over the complete set of primary, secondary, tertiary, etc., constraints), that characterizes the singular Lagrangian system.
In
Otherwise, the Hamiltonian horizontal p-form p F is said to be second-class. The distinction between first-and second-class forms allows us to separate the complete set of constraints {C} into subsets of first-and second-class constraint (n − 1)-forms. We will denote the subset of first-class constraints as {A} and the subset of second-class constraints as {B}, respectively. By considering this decomposition, we may implement the extended De Donder-Weyl Hamiltonian, H E DW , which reads H
where the λ's stand for horizontal 1-forms Lagrange multipliers enforcing the first-class constraints, respectively, and the subindices i run over the appropriate set of constraints.
Within the polysymplectic framework, we will use this extended De Donder-Weyl Hamiltonian in order to obtain the correct field equations of the system, in complete analogy to the standard Dirac's formalism for constrained theories [45, 46] . In the following section, we will implement the polysymplectic framework in order to analyze the CMPR action described by a singular Lagrangian system.
Polysymplectic formulation for the CMPR action
In this section, we will analyze the CMPR model from the viewpoint of the polysymplectic formalism considering (n − 1)-forms as our main variables. We will also introduce a process necessary to obtain the Holst model [47] from the polysymplectic formulation of the CMPR action. From now on, we will consider Lorentz signature σ = −1.
CMPR action for gravity
As mentioned before, the first BF-type formulation of General Relativity was introduced by Plebanski in [3] . The main idea of this formulation was to supplement the BF theory with certain constraints, the simplicity constraints, that restrict the bivector B field as a function of the tetrad field, thus reducing Plebanski action to the self-dual formulation of General Relativity, as discussed in [8, 13] . Several extensions of the Plebanski action have been developed through the years. In particular, we are interested in one of such extensions named the CMPR model and introduced in [14] . The CMPR model basically consists of a formulation of General Relativity expressed as a constrained BF theory that involves the Immirzi parameter [15] . In this subsection we succinctly introduce the CMPR action. We follow, as close as possible, the description of the CMPR system as formulated in [17] . To start, we will consider a 4-dimensional background spacetime manifold M endowed with Minkowskian signature diag(−1, +1, +1, +1) and local coordinates {x µ } 3 µ=0 . Greek letters denote spacetime coordinates while lower-case Latin letters denote internal coordinates, which can be raised and lowered with the internal Minkowski metric η ab = diag(−1, +1, +1, +1).
The CMPR action reads
where
is the curvature 2-form associated to the Lorentz connection 1-form A evaluated on the Lie algebra so(3, 1), the fields Q ab [e] are the components of a 2-form (the B-field) which depend on the tetrad e. Also, ψ andκ stand for Lagrange multipliers enforcing certain constraints, as we will describe below, and the a's are real parameters. Finally, η acbd := 1 2 η ac η bd − η ad η bc and ǫ abcd are the Cartan-Killing metric and the LeviCivita alternating symbol, respectively. The Lagrange multiplier ψ fulfills the symmetry properties ψ abcd = ψ cdab = ψ [ab] [cd] , while the Lagrange multiplierκ is a 4-form. The set of independent field variables for this action is given by the tetrad e, the connection A and the Lagrange multipliers ψ andκ. The reason why the action (21) describes General Relativity with Immirzi parameter and not an ordinary BF theory is just the fact that we are considering the tetrad e as the independent field variables, and not the 2-form Q, that is, Q ab [e], as described for the Plebanski action in [10] . From our point of view, the relevance of the CMPR action is that it introduces in a natural way the Immirzi parameter into the Einstein theory. In the context of the CMPR model, this parameter is completely determined by the configuration of the real numbers a 1 and a 2 . Thus, these real numbers play a very important role within the model as they allow us to analyze several interesting residual models. In particular, it has been proven that the action (21) is equivalent to several relevant models for gravity which are described in detail in [17] .
Polysymplectic analysis
In this section, we will apply the polysymplectic formalism to the CMPR action. For the reasons discussed in section 2, in our formulation we will consider (n − 1)-forms as fundamental variables. We will start by writing the Lagrangian density which defines the CMPR model as
where the functions Q ab µν , F ab µν and κ are the coefficients associated to the differential forms Q, F andκ, respectively, that appear in the action (21) . Following (2), the polymomenta associated to the independent fields variables e, A, ψ and κ are correspondingly given by
thus implying that the Hessian matrix for the Lagrangian of the CMPR model (22) is singular as none of the gradients of the field variables can be inverted in terms of the field variables and the polymomenta. In consequence, the definition of the polymomenta gives rise to a set of primary constraints. We explicitly write the associated primary constraint (n − 1)-forms as
where the boldface subindices for each of these constraints refer to the independent field variable from which they where obtained. Next, by means of the covariant Legendre transformation (3), we obtain the De Donder-Weyl Hamiltonian associated to the CMPR model, H DW , which can be written as denoting the antisymmetrization in spacetime coordinates.
Following the polysymplectic formulation for singular Lagrangian systems of section 2, we may construct the total De Donder-Weyl Hamiltonian, H DW , which is subject to the primary constraints (24), yielding
where λ, χ, ξ and ζ are horizontal 1-forms Lagrange multipliers enforcing the primary constraint (n − 1)-forms. Now, we need to apply the consistency conditions on the primary constraint (n − 1)-forms in order to obtain a complete set of constraints that characterizes the CMPR model. In particular, the consistency conditions (18) applied to the constraint (n − 1)-forms (24a) and (24b) give rise to a set of relations for the Lagrange multipliers χ and λ,
thus implying that these consistency conditions do not generate further constraints. However, the consistency conditions for the remaining constraint (n − 1)-forms (24c) and (24d) generate new secondary constraints, which explicitly written as (n − 1)-forms read
The consistency conditions applied to these secondary constraint (n − 1)-forms (28) impose restrictions on the Lagrange multipliers ζ and ξ,
and hence we do not obtain further constraints. In this way we have established a complete set of constraints that characterizes the CMPR action. We are now in the position to compute the Poisson-Gerstenhaber brackets among the constraint (n − 1)-forms of the CMPR action. The non-vanishing brackets yield
while the remaining of the Poisson-Gerstenhaber brackets vanish. In consequence, we have that the full set of constraint (n − 1)-forms that characterizes the CMPR model is second-class, according with the definition (19) , which implies that the correct field equations of the system can be obtained by means of the total De Donder-Weyl Hamiltonian (26) on the constraint surface. By simplicity, as all the constraints for this model are second-class we will avoid the introduction of the notation using B's (as described at the end of section 2), keeping the notation with the C's. Bearing this in mind, we will consider canonical horizontal (n − 1)-forms as our appropriate set of field variables, such that their components read
The De Donder-Weyl-Hamilton field equations for the (n − 1)-forms canonical field variables associated to the CMPR model are thus given by
while for their corresponding polymomenta we have
In particular, the De Donder-Weyl-Hamilton equations (32) fix the components of the Lagrange multipliers 1-forms in terms of the gradients of the field variables as
Thus, taking into account that we have a complete set of constraints which characterizes the CMPR model, we can analyze the information which our approach gives about this system on the constraint surface, that is, on the surface where the constraints are strongly zero. Before we proceed, given the Levi-Civita and Lorentz so(3, 1) connections, Γ µ νλ and A µ ab , respectively, we define a covariant derivative D µ that fulfills the so-called tetrad postulate [48, 49] , which simply extends the metric compatibility condition to the tetrad, and explicitly reads
By considering the second-class constraints (24) and (28) as strong identities we are able to manipulate the remaining De Donder-Weyl-Hamilton equations for the polymomenta (33), obtaining the following relations
These equations are exactly the field equations obtained for the CMPR model at the Lagrangian level in [14] and [17] , thus demonstrating that the polysymplectic approach on the constraint surface is completely equivalent to the Lagrangian formulation for the model of our interest. Equations (36a) establish that the quantity ǫ µνσρ Q abσρ remains constant under parallel transport, that is, it is covariantly constant [8] . Also, from the definition of the polymomenta π µν ab (23a), it is possible to see that the field equations (36a) are analogous within our context to the Gauss law. Equations (36b) are the most important from our point of view and shall be discussed in detail in the following paragraphs. Equations (36c) and (36d) set a explicit dependence of the field κ on the tetrad and a restriction on the Lagrange multiplier ψ abcd , respectively.
In order to analyze equations (36b), we will start by demonstrating the way in which the CMPR model describes gravity with an arbitrary Immirzi parameter. To this end, we start by contracting equations (36c) first with the Cartan-Killing metric and then with the Levi-Civita alternating symbol, obtaining the relations
respectively. The ⋆ symbol in (37b) denotes the Hodge dual star operator in the internal space, which should not be confused with the * symbol, appearing in section 2, that stands for the Hodge dual operator defined on the base space M. As we are considering that, the components of the 2-forms Q ab depend on the tetrad, that is, Q ab µν = Q ab µν [e], equations (37) completely fix the field κ in terms of the tetrad, thus implying that κ is not an independent dynamical variable contrary to the original assumption, as mentioned above. Further, manipulating relations (36c) and (37) give rise to the so-called simplicity constraints on Q ab µν , which explicitly read
As discussed in [14] , these simplicity constraints impose restrictions on the functions Q 
The solution (39) for the simplicity constraints (38) is discussed in detail in references [14] and [17] where, in particular, it is shown that for α, β = 0, the parameter γ := β/α is related to the inverse of the Immirzi parameter. At this point it is important to mention that the solution (39) of the simplicity constraints (38) is a crucial step in order to obtain General Relativity from the BF formalism of our interest. Indeed, substituting (39) into the original action (21) we obtain the action proposed by Holst [47] . This was the original idea behind the Plebanski formulation of General Relativity [3] : the characteristic topological behavior of a BF theory is broken by introducing the simplicity constraints, and thus we recover a well-defined gravity model [8, 14, 17, 50] . In that respect, we note that substituting solution (39) into the field equation (36a) together with the identity
where e is the determinant of the tetrad, it is possible to write the field equations (36a) in a more familiar way, namely
which in the context of differential geometry stands for the well known metric compatibility condition. This condition emerges naturally either within the spin connection formulation of the Holst actions [47] or with the De Donder-Weyl formulation for vielbein gravity [32, 33] . Now we are in the position to discuss the field equations (36b). We initiate by noting that the field equations obtained by varying the CMPR action with respect to the 2-forms Q ab at the Lagrangian level in [17] are very similar to the relations (36b), the difference being that, within our approach, these field equations naturally include the projector term ∂ (ǫ µνσρ Q abσρ ) /∂e k λ . This term emerged as we are considering from the beginning variations of the action (21) with respect to the tetrad, together with the explicit dependence Q ab [e]. This permitted us to obtain Einstein equations in a natural way, after solving the simplicity constraints of the theory, as suggested in [10] . Indeed, by substituting the field equations (36c) and (36d), subject to relations (37) and (39) , into the field equations (36b), it is possible to directly rewrite them as
Further, by means of identity (41) 
which is nothing but the projector implemented in [50] in order to write explicitly the Einstein equations from the BF field equations associated to the CMPR action obtained at the Lagrangian level in [14, 17] . We would like to emphasize that, within our approach, this projector appears in a completely natural manner. 
where R stands for the scalar curvature associated to base space manifold M. These equations are simply the well known Einstein equations [50] . In summary, while in the standard Lagrangian formulation of the CMPR model the metric compatibility condition (42) and the Einstein equations (45) are obtained either recursively through the Holst action or by introducing an appropriate projector as discussed in [50] , within the polysymplectic framework both (42) and (45) are directly realized as a consequence of the field equations without need to invoke the Holst action at all. Further, the polysymplectic framework also incorporates the projector (44) from first principles, thus recovering Einstein equations in a succinct manner.
From the CMPR action to the Holst action
In this section, we will describe the way in which the polysymplectic formulation of the CMPR action reduces into the Holst action. We will closely follow the Lagrangian analysis of the CMPR action as presented in [17] .
To start, we briefly review the situation at the Lagrangian level. As discussed in [8] , the introduction of the solution (39) to the simplicity constraints (38) into the CMPR action collapses it into the Holst action. In particular, it is possible to see that, after solving the simplicity constraints (38) on Q µν ab and by replacing the solution (39) into the original action (21), the remaining action only depends on the tetrad and the spin connection as independent variables. Hence, for α = 0, this action reduces to 
which introduces the parameter γ = β/α, as described above. Thus, the Lagrangian formulations starts by considering the standard variational procedure for the Holst action (46) . Nevertheless, within the polysymplectic approach, the variational procedure at the Lagrangian level may be seen equivalently by replacing the solution to the simplicity constraints (39) at every stage within the polysymplectic formulation of the CMPR action as far as we restrict each step to the surface where the field variables ψ abcd and κ, together with their associated polymomenta, are held as strongly zero. This is a consequence that the physical information related with these polymomenta phase-space variables is already encoded in the solution (39) . To see this, we will explicitly obtain Holst action from the CMPR action at the polysymplectic level. From now on, we will use a supraindex H to denote this process within the polysymplectic analysis. Hence, we see that the set of polymomenta (23) 
where these polymomenta are exactly the ones associated to the spin connection, A µ ab , and the tetrad, e a µ , which may be obtained from (46) , respectively. These polymomenta also imply that, the set of primary constraint (n − 1)-forms (24) becomes 
the CMPR model is entirely characterized by a set of second-class constraints. After solving the simplicity constraints of the theory, the Einstein equations emerged in a natural manner as within the polysymplectic formalism the De Donder-Weyl Hamilton field equations already included a suitable projector term that is required in order to straightforwardly extract Einstein equations from the CMPR action. Additionally, as we exposed in the previous section, by considering the restriction of polymomenta phase space to the constraint surface defined by the second-class constraints, and by replacing the solution to the simplicity constraints into the polysymplectic analysis of the CMPR action, we were able to recover the polysymplectic formulation of the Holst action. We must emphasize that this reduction procedure was implemented directly at every structure of the polysymplectic formalism for the CMPR model, and not by reducing the CMPR action to the Holst action from the beginning, as in the Lagrangian formulation. All these results effectively demonstrated that the polysymplectic extension of Dirac's algorithm for constrained systems is an adequate candidate for the analysis of physically motivated singular Lagrangians. Further, as within the case of standard Dirac analysis for singular systems, one may wonder about the connection between constraints and gauge symmetries within the polysymplectic approach developed here. Under this covariant framework an extension and refinement of the gauge invariance already exists, and is known as the covariant momentum map on the corresponding polymomenta phase space [51] . This momentum map satisfies Noether's theorem and includes all the gauge information of a classical field theory, enabling us to define the notion of first class constraints as generators of gauge symmetries on the instantaneous phase space, that is, once an initial Cauchy surface has been singled out. However, potential relations between the covariant momentum map with the polysymplectic formalism are poorly explored. Therefore, it is mandatory to get a better understanding of both structures in order to develop a complete covariant counterpart to the usual Hamiltonian formalism. This will be done elsewhere.
